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Setting the stage: going over the basics
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The Deuring Isogenies in

Isogenies Correspondence dimension 2
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Isogenies

Elliptic curve

E:y*=x’+x

P,O€eE

@
_—

Isogeny

¥ —4x?4+30x — 12 y- (x° — 6x% — 14x + 35)
(x,y) = ;
(x —2)? (x —2)?

Another curve

E:y"=x>-3x+3

@(P+ Q) = ¢(P) + ¢p(Q)
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Isogenies

Elliptic curve Another curve

@

E:y’=x’+x > E:y>*=x3—3x+3

P,O€eE

Isogeny

. <x3—4x2+30x—12 y-(x3—6x2—14x+35)> @(P+ Q) = ¢p(P) + ¢(Q)

(x = 2) ’ (x —2)>

Endomorphism

(p:E—>E E

Ordinary elliptic curve

Z|rx] € End(E) C O

w.FE - E,
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IN|]:E—-E, P—»P+...+P

N times

(x,y) = (x7,y7)



Isogenies

Elliptic curve

E:y’=x’4+x

P,OcE
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_—

Isogeny

¥ —4x?4+30x — 12 y- (x° — 6x% — 14x + 35)
(x,y) = :
(x —2)? (x —2)?

Another curve

E:y"=x>-3x+3

@(P+ Q) = ¢(P) + ¢p(Q)
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Endomorphism

o .EFE—>FE

Ordinary elliptic curve

Z|r] € End(E) C O

Supersingular elliptic curve

non-commutative maximal order
End(E) C &, ,
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IN|]:E—-E, P—»P+...+P

N times

n:E—>E, (x,y) - (x1,y9)

other endomorphisms?
o.EFE—->FE



Elliptic curve

E:y’=x’4+x

P,O€eE

Another curve

P
> E:y"=x>-3x+3

Isogeny

G 7)) = <x3‘4x2+30x—12 y-<x3—6x2—14x+35>> p(P+ Q) = @(P) + ¢(0)

(x = 2) ’ (x —2)>

/

IN|]:E—-E, P—»P+...+P

Endomorphism 4
N times

(p:E—>E E

Ordinary elliptic curve

Z[x] € End(E) C 04

n:E—>E, (x,y) - (x1,y9)

other endomorphisms?
o.EFE—->FE
Supersingular elliptic curve

non-commutative maximal order
End(E) C &, ,
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EndRing Problem

Given: a supersingular curve E (7
Find: a basis of End(E):

End(E) = Za; ® Zo, ® Zay D Zay,

L)

Isogenies

Isogeny Path Problem

Given: two supersingular curves E and £’ & Q
Find: an isogeny @ from E to E’
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Isogenies

O = Z[a] C End(E), fora € End(E)\Z
IS a subring of dimension 2
(a quadratic subring)
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Isogenies

O = Z[a] C End(E), fora € End(E)\Z
IS a subring of dimension 2
(a quadratic subring)
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O = Z[a] C End(E), fora € End(E)\Z
IS a subring of dimension 2
(a quadratic subring)

* : CI(0) x Ell ,(p) — Ell (p)
(a,E) > ax E
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O = Z[a] C End(E), fora € End(E)\Z
is a subring of dimension 2 O =
(a quadratic subring)

——————————————————————— Action of theclassgroup - ----- - - ---------------

The ideal class group of O Set of O-oriented

(It is a finite abelian group) < | | > elliptic curves

* : CI(0) x Ell ,(p) — Ell (p)
(a,E) > ax E
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O = Z[a] C End(E), fora € End(E)\Z
IS a subring of dimension 2
(a quadratic subring)

——————————————————————— Action of theclassgroup - ----- - - ---------------

The ideal class group of O Set of O-oriented

(It is a finite abelian group) < | | > elliptic curves

* : CI(0) x Ell ,(p) — Ell (p)
(a,E) > ax E

—> bx(akxE)=(ba)x E
—> ex E=F
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O = Z[a] C End(E), fora € End(E)\Z
IS a subring of dimension 2
(a quadratic subring)
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The Deuring
Correspondence

Deuring correspondence

world of supersingular curves

/E4 E,
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Deuring correspondence

world of supersingular curves world of maximal orders

E, Eq O, Oy
El/ \ E, Equivalence @1/ \ O,

of categories

R e

E— End(E) =0 !
E, Ls O 0, O

The Deuring
Correspondence E.

<_;
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Deuring correspondence

world of supersingular curves world of maximal orders

E, Eq O, Oy
E1/ \ E, Equivalence @1/ \ O,

of categories

R e

Er End(E)= 0O I
E2 Es @7 @2 @5

The Deuring
Correspondence E.

<_;

curve-order dictionary

supersingular curves quaternion orders
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The Deuring
Correspondence

Deuring correspondence

world of supersingular curves world of maximal orders

E, Eq O, Oy
E1/ \ E, Equivalence @1/ \ O,

of categories

R e

Er End(E)= 0O I
E7 E2 Es @7 @2 @5

<_;

curve-order dictionary

supersingular curves quaternion orders
curve E maximal order O
isogeny ¢ : E, = E, integral ideal /,, that is

left O -ideal and right O,-ideal
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The Deuring
Correspondence

Deuring correspondence

world of supersingular curves world of maximal orders

E, Eq O, Oy
E1/ \ E, Equivalence @1/ \ O,

of categories

R e

Er End(E)= 0O I
E7 E2 Es @7 @2 @5

<_;

curve-order dictionary

supersingular curves quaternion orders
curve E maximal order ©
isogeny Q El — E2 integral ideal IQO that is
left O -ideal and right O,-ideal
endomorphismy : E — E principal ideal () C O
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The Deuring
Correspondence

Deuring correspondence

world of supersingular curves

/E4 E,

<_;

world of maximal orders

O, Oy
Equivalence @1/ \ O,

of categories

N E, E, ﬁ N O O

Er End(E)= 0O I

curve-order dictionary

supersingular curves

quaternion orders

curve E

isogeny ¢ : £, — E,

endomorphismy : E — E

and this continues for the degree,

the dual, equivalence, composition...
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maximal order ©

integral ideal Iq) that is
left O -ideal and right O,-ideal
principal ideal () C O

and this continues for the norm,
the dual, equivalence, multiplication...
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superspecial (principally polarised) abelian surfaces

Isogenies in
dimension 2

Products of elliptic curves E X E’

Jacobians of genus-2 curves
C:y? = f(x), E':y? = x5+ 1184x + 1846x2 + 956x + 560
degf =Sordegf =6
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Isogenies in
dimension 2

Group law on genus-2 curve over the reals
(P +P) @D (O +0) =R +R,

P -

Fig. 14.1 from the Handbook of Elliptic and Hyperelliptic Curve Cryptography
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(N, N) - isogeny

A —2 A

Isogenies In kernel of ¢ is isomorphicto Z/NZ X ZINZ
dimension 2

1) J(C) — J(C)

@
%

-

2) J(C) —» E; X E,;

©O< i) (= X

(=

4)E, X E, » E| X E}

(= (=

X P X
ed — (=
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Isogenies in
dimension 2

Y op=q@'oy
cpoy =y oq
cyop =@’ oy
+ o = [#H,]
Yoy =| Hz]

*See also: Kani for beginners - S. Galbraith

Isogeny diamond configuration
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Isogenies in
dimension 2

Y op=q@'oy
cpoy =y oq
cyop =@’ oy
+ o = [#H,]
Yoy =| Hz]

*See also: Kani for beginners - S. Galbraith

Isogeny diamond configuration

v r'l
Ez — Eo/H2 §0, > E3

p:E,XE, = EyX Ey
pX,Y) = (¥(X) + oY), ' (X) = y(Y))
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Isogeny diamond configuration

vl r'l
Isogenies in @'
dimension 2 E, = Ey/H, > E,

p:E,XE, = EyX Ey
pX,Y) = (¥(X) + oY), ' (X) = y(Y))

‘}’/°§0:/§0,°7 #H, + #H,

*PeV =V P |_> pis an (N, N)-isogeny with kernel H = ((P,, P,), (Q,, O,))

o }io qp — (p o }/ ¢

o = |#H ]

. }’} oy = [ H2] (P, 0)) = (@(Py), 9(Dp))

(Py, Qp) = (r(Py), 7(Qy))
1Py, Qp} is a basis for Ey[NV]
*See also: Kani for beginners - S. Galbraith Radboud University % O<



Isogeny diamond configuration

vl r'l
Isogenies in @'
dimension 2 E, = Ey/H, > E,

p:E,XE, = EyX Ey
pX,Y) = (¥(X) + oY), ' (X) = y(Y))

‘}’/°§0:/§0/°}/ #H| + #H,

* P °f =Y |_> pis an (N, N)-isogeny with kernel H = ((P,, P,), (Q,, O,))

. }f\o P = (p’ o }/’ ‘1'

e po@ = |#H,]

o }7 oy = [ HZ] (P, Q1) = (@(Py), p(Qy))
| : E, X E,/H is not likely to be 0 f(PO)’y(QO))

a product of elliptic curves

1Py, Qp} is a basis for Ey[NV]
oo

*See also: Kani for beginners - S. Galbraith Radboud University %
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